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A law of work-hardening of plastic solids has been offered in a paper
[1] by Prager. According to this law the yield surface moves trans-
lationally in the stress space. Budiansky [ 2 ] noted that, if applied to
two-dimensional state of stress, this law contradicts the assumption of
original isotropy of the material. In the present note the law of de-
formation for the plane state of stress is treated as a special case of
the law for the three-dimensional state of stress.

Denote by 04, 9,5, 03 the stress components and by €, €5, ¢y the com-
ponents of deformation. Tresca’s condition of initial yield is repre-
sented by a hexagonal prism in the stress space and is expressed by the
formula

Q = gaés fi (Ul) Ga, 68) = /i‘ (61, Gy, O3}
1<

where
fi=01—03, fa=03--03 [fy=o03—0,
fa=63—01, [fs=063—03 [fe=061—0y

The quantity Q characterizes the dimensions of the prism, while i*
indicates the plane in which the stress point appears. In the process of
hardening, which is assumed to be linear, the hexagonal prism changes,
in a manner preserving similarity, with a moving axis of similarity. De-
note by ¢’ Prager’'s modulus of linear hardening and by ¢”’ the modulus of
linear isotropic hardening. Then the components of displacement of the
axis of the prism will be c'el, c'ez, c'e3. Denoting by a dot different-
iation with respect to time, the law of deformation assumes the form

T
@) c’e, :3% Q (a=1, 2, 3)
Q = /; (61— c’ey, 63— c’es, 63— c’es) (1)

if the stress point remains in the plane i, or
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. ( (7],1 + 8f, > Q
e, = ps— 4V (a=1,2. 3, utv=1)
) ©\Tda o

Q = ]i (0’1—8’8,, Gs — 0'82, G3 — 6’83)= f] (0’1 — C'C], Gy — C'eg, Gg — 6'83)

@

if the stress point appears on the edge, representing the intersection
of the planes i and j. From the equations (1) and (2) we find

1.0 , . ,
(a) = q Ba, i ta=12,9), Q=1 &)
R 4 ofy . of;. M4apdfy ., O
© bum gy [, Bt an, T (e B, )]
2 2 s
where . . "
fi=filn 009, d=2e"4¢", A="_ 0<r<)

d

The case A = 0 corresponds Prager's law of hardening, while A =
characterizes isotropic hardening.

If at some instant the stress point appears on an edge of the hexa-
gonal prism, then it remains on that edge, if

3+lm+d)>Mu 3+AU+J)>M
or it goes over to the plane i (or j), when
M, (or ‘”>3+x" + 7 My (or M)>A; (or Af)
u,
« .4
.
g T
/
N I/’ /"
/ -~
N, / ,// B
\\\//’/ F| Y,
c PR \ 6'
//,, I/ \\\ '
L~ / N
i 1/ g
b 5/ £

Fig. 1.



760 Khuan Ke-Chzhi

Consider the state of plane stress (o3 = 0). Tresca’s yield condition

in the plane (01, az) can be represented by a hexagon ABCDEF, as shown
in Fig. 1, where

a=arctg:+-:;, {s+=arctg1—2——, p_:arctgg—?

On the basis of the equations (3) and (4), we can find the strain law
for the state of plane stress in a form given in the following table:

Regime Strain law rSpeed of Expansion of hexagon
L :
. 4 . 1. '
Qa=g@EFn 30l
. 4 . 1—x.

R T e VE R i e B B
. . {—2. Q=3+A‘(2°1‘—°2)
cy=d [e; + 3 ]

. . 1.
0’22(1(1——1) [6’2-{—‘281]

Fd eizo'l/d, €2 = 0; 6y =de; Q=g
- 4 .14
a=gai—na+nln—"7 %

. 4 i 1+:-.,‘]
=g —nEFfni Tz =@ : 2 . .
01=d[e1-|-——2‘—e-1]
. . 14,
°2=(1[ez+“‘_{_‘31]
. . oy . . s .

4B ey =0, ¢,= 7, op=de; Q = o
. 4 . 1—2a.
“a=gi—neFn—"7 o

. 4 . 1.
== aEw 2
. 2x . .
. . i. - =2

B oy =d (1 —2)[e1+ 3 2] Q""3+;\ (202 — ay)
. . 1—a .

o =d [er+ —5—e1]

o | amtigh gt o=rnmi
6y —- 0y = dey =—- de,
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The displacement components uj, o, of the center of the hexagon in the
plane (01. 02) are connected with the displacement components c'cl. c'ez,
c'ea of the axis of the prism in the space (01 o, 03) by the formulas

uy=-c' (2e1+ es) =d (1 —2) (81 + -;_.e:)' uz=-c' (2eaFes)=d(1 —2) (ez—}- %e,) (5)

It follows that if a stress point is located on a side of the hexagon,
then the center of the hexhgon will move, in the process of hardening,
along the line connecting the center with the midpoint of the side, The
stress point will be always on the edge if the stress increment vector
is located in the wedge-like domain shown in Fig. 1. We give the most
simple examples.

Example 1. Simple extension o, = (), 0,=0,=10 (¢ >). The deform-
ation is

4 _ €1 .
h_TaIﬁ@_%% es=e3=— - (regimef) (6)
where o, is the initial yield limit.
Example 2. Two dimensional compression o, =0, == P(e), 05 = 0
(» > 0). The deformation is
4 ____¢s
5=TaTn (9 — 6o), e1=er=—-5 (regimeD) (7

Comparing the expressions (6) and (7) with each other we see that the
contradiction indicated by Budiansky [2 ] does not exist here,

Example 3. A circular plate, supported along its boundary and acted
upon by uniformly distributed pressure p. We give here the results for
the cases A = 0 and A = 1 only. In the case of isotropic hardening we
obtain a solution identical with that of hodge [3 ]. who uses a instead
of A. In the case of Prager hardening (A = 0) the solution becomes

cw 3 o .
MR " P (1 + 3p1t -- g2* — 8prPy + Bpi?p? — 2%
—&U—ﬂﬁ+(&~}¢ﬂhw: when 0<<p<<e
= —%P (1 — p2* — 8p1%p2 + 8pr®p) — K1 (1 —gy?) —
-+ (Kz—% 922) Inp. when o, <<p<<p:
== 2 P(l—p)—Lethne—Ki(1—¢)+ K:lnz  when pr<So<C1
M, .
o= VG PO —Te) when O <<p <<,
o

= 1+ —;— Po~1(11p)® —8¢%) + -f:— Pey?e=! lu _i when ¢, <<p<<p:
¢1
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= _}+%1np_%P92~3K1+§K29-2 when p<<p<<!
MO 3 2 a
M;=1+ﬁpwm_4p) when 0<<e<<p1
:1+%p9139—1 when pi<<p<<p:
13 0
=?+%lnp—i—:-P9‘—3K1—%K29'2 when o, <o <1
where @
_dn3 g h? ) pR* r
C—-W, Mo— 4 3 P—';;* GAIO, P"J}T

R = plate radius; h = thickness; » = deflection; H1~ Mg = bending moments;

K1 = —[6ps® — 14 4 4p.? In py +- 3P (T — 3p2%)] / 16 (3 — p2?)
Ky =05 [3P (90,2 —7) — 4 (1 + 31nps)] '8(3 —p2?)
while Py, P, are determined by the equations
3Ppr® (Bpe ' —po) =3P (T+ g2 (1 —pa?) —2(1 —pu?)+121np,
Pes (11 +61In E‘:’—) (Bp3=! — p3) = P (21 + Bps? — 1pg8) — 26 + 10p5% + 1210 pg

At the beginning of the yield process (P = 1) we have Py = 0, Py = 1;
when P » o, both p, and p, tend toward the limit v 7/3. When P = 1.5, we
have Py = 0.5708, Py = 0.9670 and the solution (8) nearly coincides with
that of Hodge [3 ] for the intermediate case a = 0.5.
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