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A law of work-hardening of plastic solids has been offered in a paper 
[ 1 1 by Prager. According to this law the yield surface moves trans- 
lationally in the stress space. Budiansky 12 1 noted that, if applied to 
two-dimensional state of stress, this law coqtradicts the assumption of 
original isotropy of the material. In the present note the law of de- 
formation for the plane state of stress is treated as a special case of 
the law for the three-dimensional state of stress. 

Denote by ui, 02, u3 the stress components and by ei, c2, c3 the com- 
ponents of deformation. Tresca*s condition of initial yield is repre- 
sented by a hexagonal prism in the stress space and is 
formula 

expressed by the 

Q = max fi (ml, 02, a81 = fp 0% T?r OS! 
i<i<6 

where 

.il = nl - b8, f2 = a2 -- n81 fS = 02 - air 

fp=~~-~], fS=a8--2, fS=ol---0, 

The quantity Q characterizes the dimensions of the. prism, while i* 
indicates the plane in which the stress point appears. In the process of 
hardening, which is assumed to be linear, the hexagonal prism changes. 

in a manner preserving similarity, with a moving axis of similarity. De- 
note by c’ Prager’s modulus of linear hardening and by cWthe modulus of 
linear isotropic hardening. Then the components of displacement of the 
axis of the prism will be c’ci, c’b2. c’e-,. Denoting by a dot different- 
iation with respect to time. the law of deformation assumes the form 

(4 
(U=l. 2.8) 

if the stress point remains in the plane i. or 
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. * 
(~-1.2, 3, r+v-1) 

(6) 
c”e= = 

t 
&+ 

a 
(2) 

Q = ji (al-c’e,, 02 - c’e2, a3 - c’e3)= fj (01 - c’el, a3 - c’e3, a3 - c’e3) 

if the stress point appears on the edge, representing the intersection 
of the planes i and j. From the equations (1) and (2) we find 

(a) 
1 afi v 

e, xzz 2 aa, f* (a-l.?. 31, 0 = hj, (3) 

(6) k,= 
4 

d (1 - A) (3 $ h) t 

where 

. 
Q=3+AlIi+?j] (4) 

. 
ii = fi talr %, %I, d = 2c’ + c”, h=.$ (OGh< 1) 

The case x = 0 corresponds Prager’s law of hardening, while x = 1 
characterizes isotropic hardening. 

If at some instant the stress point appears on an edge of the hexa- 
gonal prism, then it remains on that edge, if 

or it goes over to the plane i (or j), when 

Fig. 1. 
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Consider the state of plane stress (u., = 
in the plane (a,, 02) can be represented by 
in Fig. 1. where 

0). Tresca’s yield condition 
a hexagon ABCDEF. as shorn 

l--h 

= = arc tg 1 + a ’ 
1+a p+=arctg2, 

I--x 
p_ = arc tg -. 

2 

On the basis of the equations (3) and (4). we can find the strain law 
for the state of plane stress in a form given in the following table: 

F 

AB 

l- 
+!! peed of Expansion of hexagon 

(j = a&. 

. . 
Q = ‘A (~2 - b,) 
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The displacement components ui, u2 of the center of the hexagon in the 

plane (oi, 
C’C 

a2) are connected with the displacement components c’el, c’e2, 
3 of the axis of the prism in the space (aI u2 (1~1 by the formulas 

~1 = c’ (2el+ e$ = d (1 - A) (e, + $ es)* uz = c’ (2ea + el) = d (1 - 1) (es + t ~1) (5) 

It follows that if a stress point is located on a side of the hexagon, 
then the center of the hexbgon will move, in the process of hardening, 
along the line connecting the center with the midpoint of the side. The 
stress point will be always on the edge If the stress increment vector 
is located in the wedge-like domain shown in Fig. 1. We give the most 
simple examples. 

Example 1. Simple extension u1 = 4(t), u2 = u9 = 0 (4 >). The deform- 
ation is 

el = d (3: a) (9 --a~), ea=es=- F- (regimeF) (6) 

where oO is the initial yield limit. 

Eramplc 2. ho dimensional compression u1 = o2 = - qb( t), u7 = 0 

(4 > 0). The deformation is 

es = d (3: h) ((p -a,), el = es =- $- (regImeI)) (7) 

Comparing the expressions (6) and (7) with each other we see that the 
contradiction indicated by Budiansky 12 1 does not exist here. 

Example 3. A circular plate, supported along its boundary and acted 
uvon by uniformly distributed pressure p. We give here the results for 
the cases A = 0 and x = 1 only. In the case of isotropic hardening we 
obtain a solution identical with that of hodge 13 I, who uses a instead 
of A. In the case of Prager hardening (A = 0) the solution becomes 

CU’ 
.- 
MoH’ 

= - $ P (1 + 3~1’ -- i.2’ - 8pl”es t_ 8~1’~’ - i’) 

- K1(1 - p2?) f 
[ 

K2 - _;_ po” In 22 

) 

- - .2- l’(1 - p*4 - &7,3p2 + 8p13p) - XI (1 - Fe’)) - 
32 

t K2 - +- .3** lnp? 
( 1 

z -- 3;. P (1 - p4) - 2. 4 p’lni - K1 (1 -i*) + lid III i 

Ai,. 

Al,, 
- 1 + ; P (9p12 - 7p”) 

= 1 + 5. Pp-‘(llp13 - 8p”) + _LL_ l’i;*“p-1 111 .!L 

?I 

when OSPGPL 

when P~GPSP~ 

when p?<ppl 

when O<p~&p, 

when PI<P<PP~ 
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when O<P&PI 

where 

z 1 + $ Pplsp-’ 

+++Inp-1~Pp~-3K1-+KKlp-2 

when pl<PPPpi 

when pp< p<i 

(8) 
dlt3 

c= 12’ p=P=_ pK’ 

PO 6W,, ’ 
p=+ 

R = plate radius; h = thickness; m = deflection: YF Me = bending moments; 

KI = - [6pzz - 14 + 4p,* In pz + 3P (7 - 3p#)] / 16 (3 - pz3) 
Kz = pa2 [3P (9p,2 - 7) - 4 (1 + 3 In pz)J ,/ 8 (3 - pz2) 

while pl, p2 are determined by the equations 

3PplR (3p,-I- p2) = 3P (7 + pzT) (1 - pz2) - 2 (1 - ~1~) + 12 In pz 

Pp13 11 + 6 In .@ 
( Pl > 

(3pa-1 - pa) = P (21 + 6p,2 - Ilp,*) - 26 + 10~~~ + 12 In p2 

At the beginning of the yield process (P = 11 we have pi = 0, p3 = 1: 
when P + 0~. both pi and p2 tend toward the limit \/ 7/3. When P = 1.5, we 
have pi = 0.5708, pq = 0.9670 and the solution (8) nearly coincides with 
that of Hedge 13 1 for the intermediate case u = 0.5. 
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